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In recent years, small gain (or H) analysis has been used to analyze feedback systems for robust stability and
performance. However, since small gain analysis allows uncertainty with arbitrary phase in the frequency
domain and arbitrary time variations in the time demain, it can be overly conservative for constant real
parametric uncertainty. More recent results have led to the development of robustness analysis tools, such as
extensions of Popov analysis, that are less conservative. These tests are based on parameter-dependent Lya-
punov functions, in contrast to the small gain test, which is based on a fixed quadratic Lyapunov function. This
paper uses a benchmark problem to compare Popov analysis with small gain analysis and positivity analysis (a
special case of Popov analysis that corresponds to a fixed quadratic Lyapunov function). The state-space
versions of these tests, based on Riccati equations, are implemented using continuation algorithms. The results
show that the Popov test is significantly less conservative than the other two tests and for this example is
completely nonconservative in terms of its prediction of robust stability.

I. Introduction

NE of the most important aspects of the control design

and evaluation process is the analysis of feedback sys-
tems for robust stability and performance. Over the past sev-
eral years, significant attention has been devoted to the use of
small gain (or H,,) tests for robustness analysis.!> However, it
is well known that these tests can be very conservative since in
the frequency domain the small gain test characterizes uncer-
tainty with bounded gain but arbitrary phase, whereas in the
time domain the small gain test characterizes uncertainty with
arbitrary time variation.” This conservatism has led to the
search for more accurate robustness tests. In particular, re-
searchers have searched for tests that allow frequency domain
uncertainty characterization to include phase bounding or
time domain uncertainty characterization to include restric-
tions on the allowable time variations.

The small gain test is actually based on conventional or
““fixed’’ quadratic Lyapunov functions that guarantee stabil-
ity with respect to arbitrarily time-varying perturbations. Very
recently, however, robustness tests have been developed that
are based on quadratic Lyapunov functions that are a function
of the parametric uncertainty, that is, ‘‘parameter-dependent
Lyapunov functions.’’®’ In contrast to analysis based on a
fixed quadratic Lyapunov function, these tests guarantee ro-
bust stability by means of a family of Lyapunov functions and
do not apply to arbitrarily time-varying uncertainties. Hence,
when the actual uncertainty is real and constant, these tests are
less conservative than tests based on fixed quadratic Lyapunov
functions.®

In this paper we use a benchmark problem to compare the
Popov test,? based on a parameter-dependent Lyapunov func-

Received Nov. 1, 1992; revision received June 18, 1993; accepted
for publication June 19, 1993. Copyright © 1993 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Staff Engineer, Government Aerospace Systems Division, MS 19/
4849,

tAssociate Professor, Department of Mechanical and Aerospace
Engineering.

322

tion,®” with the small gain? and positivity tests? that are based
on fixed quadratic Lyapunov functions.®’ Each of the stabil-
ity tests has graphical interpretations for the case of one-
block, scalar uncertainty.? However, here we will emphasize
the state-space tests that are based on Riccati equations and
allow the development of robust H, performance bounds in
addition to the determination of robust stability. We develop
continuation algorithms for the special case of one-block,
scalar uncertainty. The algorithm for Popov analysis addition-
ally requires that a certain product (CoBy) related to the uncer-
tainty characterization be equal to zero. As will be seen in Sec.
111, this condition holds for the parametric uncertainty under
consideration. The algorithms are applied to analyze a feed-
back system for the benchmark system in which the controller
was designed using the maximum entropy approach.?

The paper is organized as follows. Section II presents the
linear system to be analyzed for robust stability and perfor-
mance and gives the main theorems for the small gain, positiv-
ity, and Popov tests. Section III then considers the benchmark
problem and formulates the feedback system to be analyzed in
the format of Sec. II. Section IV applies the graphical tests to
determine robust stability. Next, Sec. V develops continuation
algorithms for a special case of the state-space tests and ap-
plies the algorithms to the benchmark problem. Finally, Sec.
VI discusses the conclusions and directions for future work.

II. Riccati Equation Characterizations for the Small

Gain, Positivity, and Popov Theorems

We begin this section by establishing some basic notation
and definitions. Let ® denote the real numbers, and let () T
and (-)* denote transpose and complex conjugate transpose.
Furthermore, we write Il - I, for the Euclidean norm, I - Iz for
the Frobenius norm, o,,,,( - ) for the maximum singular value,
tr( - ) for the trace operator, and M = 0 (M >0) to denote the
fact that the hermitian matrix M is nonnegative (positive)
definite. The notation

co-[212
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denotes that G(s) is a transfer function corresponding to the
state-space realization (A, B, C, D), i.e., G(s) = C(s] — A)~!
X B + D. The notation “‘™2*’ js used to denote a minimal
realization. For asymptotically stable G (s), define the H, and
H,, norms, respectively, where w € [0, o), as

IG@)I3 2 El;j 1G ()i} do (2a)

1G (5)lew 2 0max(G () (2b)

A transfer function G(s) is bounded real if 1) G(s) is
asymptotically stable and 2) IG(jw)le =<1 for w € [0,00).
Furthermore, G(s) is called strictly bounded real if 1) G(s) is
asymptotically stable and 2) IG(jw)l, <1 for w € [0,00). Fi-
nally, note that if G(s) is strictly bounded real, then
I —DTD >0, where D & G(c).

A square transfer function G(s) is called positive real if 1)
all poles of G(s) are in the closed left half-plane and 2)
G(jw) + G*(jw) is nonnegative definite for v € [0,). A
square transfer function G(s) is called strictly positive real if
1) G(s) is asymptotically stable and 2) G(jw) + G*(jw) is
positive definite for w € [0,c). Finally, a square transfer
function G(s) is strongly posmve real if it is strictly positive
real and D + D7>0, where D & G (o). (Note that in some of
the literature ‘‘strongly positive real’’ as defined here is re-
ferred to as *‘strictly positive real.””)

At this point, we consider a linear uncertain system of the
form

Xt) = (A — BFC)x(t) + Dw(@), e ®R (3)

z(t) = Ex(t) (G

Note that the system (3) and (4) may denote a linear feedback
system subject to an exogeneous disturbance signal w(¢). The
individual elements of z(¢#) may denote the performance vari-
ables, possibly including the actuation signals. The product
— ByFC, then denotes the parametric uncertainty (i.e., AA4).
In particular, By and &, are fixed matrices denoting the struc-
ture of the uncertainty and F is an uncertain matrix. Here, it
is assumed that for some nonnegative definite diagonal matrix
M, F ¢ F,; , or for some nonnegative scalar v, F € F, where

Fy; & {(F ¢ ®mxm: Fis diagonal, 0 < F < M )
F,2 (F ¢ ®@m*m; Fis diagonal, F> <y~ 2, } ®)
If we additionally define

Fj; & {F ¢ ®mxmo; Fis diagonal, ~M <F =<0} ()

then F € F,; if and only if — F € Fy7, and if v~ ! = 0., (M),
F ¢ F, implies F € Fyf UFy; .
Now denote G(s) by
A |By
G 8
(s) ~ [Co 0] ®

Then evaluation of the robust stability of Eq. (3) is equivalent
to evaluation of the robust stability of the feedback system
shown in Fig. 1.

It now follows that for asymptotically stable A — ByFC, the
H, norm for Eqgs. (3) and (4) is given by

JF)=tr OR=tr PV ()]

where
R =ETF 10)
V = DDT 1y

O G

Fig. 1 Feedback system to be analyzed for robust stability.

0= — BFC)TP + P(A — ByFC) + R 12)
0=(A - BFC)O + 04 — BFC)T + V (13)

If w(z) is a standard white noise process with identity inten-
sity, then J(F) = lim,_ ., 8[X7(¢)RX(¢)]. Later we will present
robust performance bounds J such that J(F) < J for each Fin
the uncertainty set.

Next, we state the versions of the small gain, positivity, and
Popov theorems that give sufficient conditions for the stability
of the uncertain system (3) or, equivalently, the negative feed-
back interconnection of Fig. 1. Each of the theorems includes
both a frequency domain test and an equivalent state-space
test. In addition, robust H, performance bounds correspond-
ing to the state-space tests are presented. B

Theorem 1 (Small Gain Theorem’). If (1/9)G(s) is strictly
bounded real, then the negative feedback interconnection of
G(s) and F is asymptotically stable for all F ¢ F,. Equiva-
lently, if for any symmetric, positive definite R there exists a
positive scalar « and nonnegative definite P satisfying

0=ATP + PA + v~ *PBoBIP + CICy + aR 14)

then the uncertain system (3) is asymptotically stable for all ¥
€ F,. In this case, for all F € F,,
J(F) < J(a) = (1/a)tr(PV) 15)

Theorem 2 (Positivity Theorem?). If M ~! + G(s) is strongly
positive real, then the negative feedback interconnection of
G(s) and F is asymptotically stable for all F € Fy;. Equiva-
lently, if for any symmetric, positive definite R there exists a
positive scalar o and nonnegative definite P satisfying

0=ATP + PA + %(C, ~ BJP)"™M ~\(C, — BIP) + «R (16)
then the uncertain system (3) is asymptotically stable for all ¥
€ F,;. In this case, for all F ¢ F,; ,

J(F) = J(a) = (1/a)tr(PV) an

Theorem 3 (Popov Theorem®’). If there exists a non-neg-
ative-definite diagonal matrix N such that M~-1+
(I + N5)G(s) is strongly positive real, then the negative feed-
back interconnection of G(s) and F is asymptotically stable
for all F ¢ F,; . Equivalently, if for any symmetric, positive
definite R there exists a nonnegative-definite diagonal matrix
N, a positive scalar o and nonnegative-definite P satisfying

0=A7P + PA + (Cy + NCoA — BIP)T[(M ~' + NC,B,)
+ M-+ NCBYN-Y(Cy+ NCoA — BIP)+aR  (18)

then the uncertain system (3) is asymptotically stable for all F
€ F,; . In this case, for all F ¢ F} ,

J(F) < J(a, N) = (I/a)tr((P + CIMNC) V) (19)

Remark 1. Theorem 2 may be considered a special case of
Theorem 3 with N =0.

Remark 2. In each of the three theorems the requirement
that R be positive definite can be relaxed. In particular, Ris



324 COLLINS, HADDAD, AND DAVIS: RICCATI EQUATION APPROACHES

allowed to be nonnegative definite as long as the pair (4, E) is
detectable where E satisfies ETE = R,

Remark 3. For the case of scalar uncertainty F (i.e.,
my = 1), the frequency domain tests given in the three theo-
rems have easy-to-implement graphical frequency domain in-
terpretations.?

Remark 4. As shown in Ref. 7, the Lyapunov function
that establishes robust stability of the negative feedback inter-
connection of G(s) and F in Theorems 1 and 2 is a fixed
Lyapunov function of the form V(%) = ¥TP% where P satisfies
Egs. (14) and (16), respectively. On the other hand, the Lya-
punov function that establishes robust stability of the negative
feedback interconnection of G (s) and F in Theorem 3 is a
parameter-dependent Lyapunov function; that is, it is a func-
tion of the uncertain parameters and has the form
V(%) = #TP% + #TCJFNCy% where P satisfies Eq. (18).

Remark 5. Note that the Popov multiplier N can be a
negative-definite diagonal matrix that in the single-input/sin-
gle-output (SISO) case simply corresponds to a Popov line in
the Popov plane with a negative slope.? In this case, we note
that the candidate Lyapunov function has the form V(¥) =
#7P% — #TCTFNCy%, where N>0. Hence, it is necessary to
check a posteriori the positive definiteness of V() for all F ¢
F,} to insure that V(¥) is a Lyapunov function.

Remark 6. An alternative statement of Theorem 3 that
directly captures uncertainty F € F,; UF,; can be obtained by
considering the multivariable shifted Popov theorem.? Specif-
ically, this case corresponds to replacing M with 2M and A
with A — BpMC, in Theorem 3. In this case the frequency
domain interpretation for the case of scalar uncertainty in-
volves a family of frequency-dependent off-axis circles in the
Nyquist plane. The circle centers vary as a function of the
phase of the Popov multiplier, but each has the same real axis
intercepts at =M —!. For further details see Refs. 9-11.

III. Benchmark Two-Mass/Spring Example

Consider the two-mass/spring system shown in Fig. 2 with
uncertain stiffness k. A control force acts on body 1, and the
position of body 2 is measured, resulting in a noncollocated
control problem. Here, we consider controller 1 of Ref. 8,
which was designed for problem 1 of a benchmark problem!?
using the maximum entropy robust control design technique.
The controller transfer function given by

194390(s + 0.33679)[(s — 0.11735)> + 0.90996?]

G.(s) =
«(s) (s + 81.438)(s + 131.04)[(s + 2.9049)? + 1.86157]

(20

was designed so that the closed-loop system is robust with
respect to perturbations in the nominal value of the stiffness k&
(i.e., k = kqom)- The exact stiffness stability region over which
the system will remain stable was computed by a simple search
and is given by

0.4458 <k <2.0661 21

Next, using a graphical approach and the state-space Riccati
equation approach, we apply small gain analysis, positivity
analysis, and Popov analysis to determine the stiffness stabil-
ity regions predicted by each of these tests. Each of these tests
is related to the previous test and is guaranteed to be less
conservative.

We begin by constructing the uncertainty feedback system
that will be used in each of the tests. The open-loop plant (for
my, = my = 1) is given by

x(t) = A(k)x(t) + Bu(t) + Dyw(t) (22a)
(1) = Cx(t) + Dyw(?) (22b)
z(t) = Ex(@) (22¢)

X1 Xy =
u—|™ |

Fig. 2 Benchmark two-mass/spring system for robust control design
and analysis.

k o

where
0 010 0
0 0 0 1 0

Ak) = s B =
k kK 0 0 1
k -k 0 0 0

(23)
00
0 0
D, = s C=E=[0100], D,=1[01]

0 0
1 0

The H, cost functional under consideration is defined with
respect to the transfer function between the disturbance w(#)
and the performance vector z(¢) + E,u(¢), where E; = /1073,
The perturbation in A (k) due to a change in the stiffness
element k from the nominal value k., is given by

A(k) = Akyom) 2 AA = — BoAKC, (24)
where 0
0

By= e Co=1[1 —100] 25)
-1

In the subsequent analysis we will choose ko, = 0.6 since the
controller (20) was developed under this assumption.

Let the triple (4., B., C.) denote the state-space representa-
tion of the controller (20). Then, assuming negative feedback,
the closed-loop state matrix is given by

— A(k) - BC.
Ak) = 26
ol
In addition, R and V are given by Egs. (10) and (11) where
- ~ D,
E=1[E, - E)XC,.], D= 27
A S

Next, define

. By ~
By= [0 }, Co=1[Co 014l (28)
4x1
and recall
~ A | B,
GE)~ | = 29
©) [ 10 } 29)

Then, the plant uncertainty Ak can be represented by the
fictitious feedback loop shown in Fig. 1 with F = Ak. Notice
that with this stiffness uncertainty CoB, = 0, which holds for
any state-space realization of the system.

IV. Frequency Domain Graphical Analysis of the
Benchmark System
In this section we apply the frequency domain tests_de-
scribed in the three theorems of Sec. II to determine Ak
(positive) and Ak (negative) such that stability is guaranteed
for
Kpom + Ak <k <kpom + Ak 30)
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Since the uncertainty is scalar, we will first use the graphical
techniques derived from the frequency domain tests. These
graphical tests originally appeared in Refs. 13 and 14 and are
included here for comparison with the results based on the
state-space formulations.

Small Gain Analysis

Small gain analysis requires considering the Nyquist dia-
gram of G (s). The smallest circle centered at the origin that
completely encompasses the Nyquist diagram, Im[G(w)] Vs
Re[G (jw)] for all w, (without touching it) is then drawn. The
intersection of this circle with the negative real axis is given by
— 1/Ak, and the intersection with the positive real axis is
given by — 1/Ak. This analysis is shown in Fig. 3. It follows
that Ak = 0.1497 and Ak = — 0.1497. Hence, using small gain
analysis, stability is guaranteed for

0.4503 <k < 0.7497 31)

SMALL GAIN ANALYSIS
10 v T

Imag Axis

Real Axis

Fig. 3 Frequency domain small gain analysis.

POSITIVE REAL ANALYSIS
10 . T

-1/ak

Imag Axis

2F -1/Bk

2
7N

Real Axis

Fig. 4 Frequency domain positivity analysis.

Note that since the Ak uncertainty block is composed of a
single scalar, this result is equivalent to the complex structured
singular value test."”

Positivity Analysis

Positivity analysis determines stability bounds by drawing
straight-lines that lie to the left or right of the Nyquist diagram
(without touching it). For the Nyquist diagram of G(s), the
intersection of the line to the left of the Nyquist plot with the
negative real axis equals — 1/Ak. The intersection of the line
to the right of the Nyquist plot with the positive real axis
equals — 1/Ak. This analysis is shown in Fig. 4. It follows
that Ak = 0.5278 and Ak = — 0.1523. Hence, using positivity
analysis, stability is guaranteed for

0.4477<k <1.1278 32)

Popov Analysis

Popov analysis is a test that determines a stability bound
from a modified Nyquist diagram, namely, the Popov plot,
o Im[G(jw)] vs Re[G(jw)] for w=0. This analysis requires
finding lines (Popov lines) that intersect the negative or posi-
tive real axis at a point that is to the left of the Popov plot but
as close to the origin as possible. The slopes of these lines are
—1/Nand — 1/N where N and N are the Popov multipliers.
The Popov test is equivalent to the positive real test if the lines
are chosen to be vertical. For the Popov diagram of G(s), the
intersection of the line to the left of the Popov plot with the
negative real axis equals — 1/Ak. The intersection of the line
to the right of the Popov plot with the positive real axis equals
— 1/Ak. This analysis is shown in Fig. 5. It follows that Ak
= 1.4661 and Ak =0.1542, and the corresponding Popov
multipliers are, respectively, N* = 0.7999 and N* = — 0.2755.
Hence, using Popov analysis, one guarantees stability for

0.4458 <k < 2.0661 (33)

Note that these bounds are identical to the exact bounds of
Eq. (21). Hence, for this example, Popov analysis yields to-
tally nonconservative robust stability results. This is not sur-
prising since, as mentioned in the Introduction, the Popov
result is based on a parameter-dependent Lyapunov function
that severely restricts the allowable time variation of the un-
certain parameters and hence closely approximates real pa-
rameter uncertainty within robustness analysis.

POPOV ANALYSIS
10 v v

Imag Axis

-6+

-8+

L

-10 .
-10 -5 0 5 10

Real Axis

Fig.5 Frequency domain Popov analysis.
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V. State-Space Analysis of the Benchmark System

Continuation (or homotopy) algorithms!é!7 are effective
techniques for solving systems of nonlinear algebraic equa-
tions and have found increasing engineering applications (see,
for example, Refs. 17-19). In this section, we develop contin-
uation algorithms that implement the state-space analysis re-
sults described in the three theorems of Sec. II. We restrict
ourselves to the case of scalar uncertainty (i.e., F is a scalar)
with CoBy =0 (which applies to the benchmark system). In
addition, the exposition is focused on implementing state-
space Popov analysis since this case is the most complex. The
algorithms for small gain and positivity analyses are very
similar and hence are only briefly discussed. The results of
applying these algorithms to the benchmark problem are sub-
sequently presented. )

Each of the algorithms is based on optimizing the cost upper
bounds J of Egs. (15), (17), and (19). At this point we focus
attention on the upper bound, Eq. (19), of the Popov theo-
rem, rewritten here for all F ¢ Fy} as

J(e, N) & (1/a)tr((P + CTMNC)V) 34
where, for CoB, =0, P is given by
0=A7P + PA + (i)(Co + NCyA — BIP)™M(C,
+NCA — BJP)+ aR ¢

The algorithm under consideration will be based on finding
scalars o and N that satisfy

aJ -1 . L ~
0=-"=t(QR - —(PV + CIMNG,Vy) (36)
(04 [04
EY 2N N . Y. s .
0=—-"=-MC, VCT + M(Cy + NCoA — BIP)QATET (37)
o

where Q satisfies
0=(A — %BM(C, + NCoA — BIP)Q

+0A — VBBM(Cy+ NC A — BIPH + (1/a)V  (38)

Continuation Map for Popov Analysis

To define the continuation map we assume that the uncer-
tainty parameter M is a function of the continuation parame-
ter X € [0, 11. In particular, it is assumed that

M) = My + MMy — M) 39

Note that, at N=0, M(\)=M,, whereas at A=1, M(\)=M;.
The continuation map is defined as the gradient of the upper
bound on the cost for the uncertainty parameter M(A\). In
particular,

s | Hi6, N
H@, N4 | 1y, )\)] (40)
where
A —oz
E _N] (41)
Hy0, N 2tr(Q(0, MR —a(;)z(P(O, NV +CIMMNMNGCV))

42)

sl e e
Hy@6, M) = a()\)M MNCVCy

+MO(Co+ NONCod — BIP6, N)Q@, NATCT  “3)

RICCATI EQUATION APPROACHES

and
0=ATP@, N)+P®, VA
+15(Co+ NONCoA —BIP®, N)T™M(N)

(Co+ NOWCoA — BIP®, N) + (MR (44)

0=[4 — BMMN(Co+ NNCoA ~ BIP6, MIQE, N
+Q(6, NIA ~ 2BMN(Co+ NOWCoA

-BJP(® )\))]T+—1—I7 (45)
on a(N)

The continuation curve is defined by

0=H(, N, Ae [0, 1] (46)

Jacobian of the Continuation Map for Popov Analysis

The algorithm requires computation of VH(9, N7, the
Jacobian of H(f, N). Note that

VH@O, N =[Hy Hy] %))
where
H, 29H (48a)
=50 2
oH
H2— 4
=N (48b)

Expressions for H, and H, are given in the Appendix.

Outline of the Continuation Algorithm for Popov Analysis

Step 1. Initialize loop =0, A=0, A\ € [0, 1], 67=[1 0]
(i.e., a=1, N=0).

Step 2. Let loop =loop + 1. If loop =1, then go to step 4.
Otherwise, continue.

Step 3. Advance the homotopy parameter and predict the
corresponding parameter vector § as follows.

3a. Let Ag=A.

3b. Let A=Ao+ AN

3c. Compute Hy(#, N\) and Hy(@, N). Then compute 6, ()
using

0, (o) = — [Hy(8, NI~ H(0, No) 49

3d. Predict 6(M\) using 6(A) = 0(\o) + ANG, (Ng).

3e. If IH(@®, M satisfies some preassigned prediction tol-
erance, then continue. Otherwise, reduce AN and go to step 3b.

Step 4. Correct the current approximation 6(\) as follows.

4a. Compute H(f, N\) and Hy(N).

4b. Correct 6(N\) using 8(N)—6(N\) — [Hy(0, N)] - H (9, N).

4c. If IH (6, M satisfies some preassigned tolerance, then
continue. Otherwise, go to step 4a.

4d. If P()\) is not nonnegative definite, then go to step 5,
since stability is only guaranteed for M = M(\y). Otherwise,
continue.

4e. Compute the upper bound J().

4f. If A =1, then continue. Otherwise, go to step 2.

Step 5. Stop.

Continuation Algorithm for Positivity Analysis

Recall that positivity analysis is a special case of Popov
analysis (with N éO). Hence, positivity analysis is imple-
mented using the algorithm for Popov analysis with N con-
strained to zero.
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Continuation Algorithm for Small Gain Analysis

For small gain analysis we consider the upper bound J («) of
Eq. (15), rewritten here as

J(@) 2 (1/a)tr(PV) 0
where
0=ATP + PA + M~ 2PB,BIP + CICy + aR 51)

The algorithm is based on finding a scalar « such that

aJ -1
= 97 = tr<QR - —2PV> (52)
da o
where Q satisfies
0= + M- 2BB{P)Q + Q4 + M 2B,BIP)T + 1/a)V
(53)

It is assumed that M(\) is as given by Eq. (39) and the
continuation map is defined as

-1 -
H@®, N = tr(Q(O, MR — =P, N V) (59
[0
where
02« (55)
Cost Bounds for Various Robustness Tests
30
25
20
E 15 small gain. .| asitive real !
E
10
5 | -
L/’// scmal /
S’().2 0 0.2 04 0.6 08 1 12 1.4 16
allowed stiffness perrurbation

Fig. 6 Performance bounds for the small gain, positivity, and Popov
tests.

optimum cost scaling for various robustness tests

14

12

0.8

cost scaling alpha

0.6

TN ;
RSN

0.2 [ 02 0.4 0.6 0.8 1 12 147 16

allowed stiffness perturbation
Fig. 7 Optimal « for the small gain, positivity, and Popov tests.

popov iplier for rob: test
1
0.8
0.6
5 ]
3 0.4 P
B
g M//
3 02
&
[
0
0.2
-04
02 [} 02 04 0.6 0.8 1 12 14 1.6
allowed stiffness permrbation

Fig. 8 Optimal N for the Popov test.

0=ATP@®, N + P, VA
+ MO\ 2P@, NBBIP®, N) + CICy + oR (56)
0=(A4 + M(\)2B,B{P@®, \)Q®6., N
+ 00, NA + M\ " 2BeBEP®G, N)T + (L/a)V  (5T)
The continuation curve is defined by

0=H(@, N\, Ae[o, 1] (58)
Expressions for the Hessian H,; and H, are given in the Ap-
pendix.

The outline of the continuation algorithm for small gain
analysis is identical to that given for Popov analysis. Because
of this, no further discussion is needed.

Analysis of the Benchmark Problem

When the continuation algorithms for small gain, positivity,
and Popov analysis are applied to the benchmark problem, the
performance curves shown in Fig. 6 result. As expected,
Popov analysis yields less conservative results than the positiv-
ity and small gain tests. The robust stability bounds Ak (posi-
tive) and Ak (negative) obtained from the state-space tests are
identical to those obtained from the frequency domain tests of
Sec. IV. The optimal « for each test is shown in Fig. 7 as a
function of M. The optimal N for the Popov test is shown in
Fig. 8. Note that as M approaches its supremum and infimum,
N converges, respectively, to N* and N* obtained from the
graphical test.

VI. Conclusions

This paper has discussed the small gain, positivity, and
Popov tests and applied both the (graphical) frequency do-
main version of each test and the corresponding state-space
test to a benchmark problem. The frequency domain tests and
the state-space tests were seen to give identical results for
robust stability, and the Popov test was completely nonconser-
vative in its robustness predictions. The state-space tests also
yielded robust H, performance bounds and were implemented
using continuation algorithms. The algorithms developed here
only apply to the special case of scalar uncertainty and the
algorithm for the Popov test further requires that a certain
product (related to the uncertainty pattern) is zero. Future
work will involve the development of more general numerical
algorithms.

Appendix: Jacobian Expressions for the
Popov and Small Gain Tests
In this Appendix we show how to compute the Jacobian of
the homotopy map H (6, A) for both the Popov and small gain
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tests. We first recall that the Jacobian Vv H(8, ) is defined by

VH@O, NT2 [Hy, H)] (A1)
where
aH oH
H,2 H,2—
vy . (A2)

Since H(9, \) corresponds to the upper bounds of the cost
corresponding to M(N), Hy is the corresponding Hessian.

Jacobian Expressions for Popov Analysis

]
S—H0, N i

%a an 1N ;
Hy= 3 (A3)
SYM  ——H,(6, A
N 20, M)
where
] ] 19P. 2
ZH, —tr<—-QR = a—V+— (PV + CIMNG,V))  (A4)
do do o? do
] ) - N 1)
—H,=| —MBI—Q + M(C,+ NC,d - BIP)=
aN 2= ( °aNQ+ (Co+ NCp4 B°P)6N
+MCAQ)ATET > (AS5)
3 30~ 1 0P
_H —_—_— —
VAL <aNR S c TMC,V ) (A6)
and 8P/da, dP/8N, 3Q/dc, and 3Q /AN satisfy
0P OP.
0=AT— +—A, A7
S T 1 (A7)
0= ATaP +a—A + W [(C, + NCyA — BIPYTMC,A
“3N T8N o o
+ A TCIM(C o+ NCyA — B{P)] (A8)
¥ 0P
0=A —Q+ Q T4 <—BOMB{a—>Q
?da 2 da,
__ 3P 1. :
+ Q<—BOMBTB > -=V (A9)
o4

9Q 00, 1; - P
0=A, it IN aN < ~BMBF- >Q + Q< BoMBT- )
1o - - 1. . -\7
- <£BOMC0A>Q - Q(EBWCOA> (A10)
where
A, 2 A - vsBM(Cy + NC,A — BIP) (Al1D)
Similarly, H, is given by
%Hl(o, N
H, = (A12)

0
—H.
N 2(0’ )\)
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where

3 00, 1(oP , 2\
2 N
= t< R < 57 + G, — M) COV>> (A13)

d
"‘_Hz = _(Mf

M)CVES
EN 0) 0 o

+ [(Mf MG, + NC,A — BIP)Q — MBO ——Q

+ MGy + NGO A — EJP)Z—%]ATC‘{

and dP/dN and aQ /N satisfy

~ 0P 9P .
0=AI—+—A,
“an - aN

(A14)

+ W(Co+ NCo A — BIPYM; — M)(Co+ NCoA — BIP)

0P
)Q + Q< “BMB] )

1
- [EBO(M/ Mo)(Co + NCA — B, P)}Q
1. ~ R
-Q |:EBO(Mf = Mo)(Co + NCoA — BoTP)J

Jacobian Expressions for Small Gain Analysis
The Hessian Hy(£ dH/30) is given by

<aQ . 1P, 2 ~>
Hy=tr(—SR - ==V + =PV
a o? du }
where dP/da and 0Q /da satisfy

0=412L. %5 ¢
7 8 da

99 Q

0=(A+M~- 2B(}BOTP) (A +M-2B,B{P)T

_ 0P \T 1.
+M2B,B] Q+< —ZBOBOT‘;—Q> 14
(03

o

Similarly, Hy(23H /M) is given by

~ 1 0P
ee(22 1)
N o N

where dP/d\ and 3Q /AN satisfy

0=(A +M2B,BTP)T— P (A +M—B,BIP)
(RPN
—2M ~3(M; — My)PB,BP

%9 + —Q(A +M~2B,BP)T

M-2B,BTP
0=(A+ M 2BBIP) 7+ 5

- 3P . . 0P \T
-2B T M -2B T
+M ~?ByB, 6)\Q+< 0B 6)\Q>

~2M (M) — M)BoBIPQ + QPB,BY)

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)
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